We consider evolution of a periodically driven quantum system governed by a Hamiltonian which is a product of a slowly varying Hermitian operator and a fast oscillating periodic function with a zero average. The analysis does not rely on the high frequency approximation, and the driving frequency can be both larger or smaller than other characteristic frequencies of the system. It is shown that the adiabatic evolution of the system within degenerate Floquet bands is accompanied by the non-Abelian (non-commuting) geometric phases which can have significant values even after completing a single cycle of the slow variable. For non-driven systems the usual non-Abelian WilczekZee phases appear for adiabatic motion of the system in a manifold of degenerate physical states. By contrast, in the present periodically driven system, the Floquet eigen-energies (quasi-energies) are fully degenerate within individual Floquet bands even if the eigen-energies of the slowly varying part of the original Hamiltonian are not degenerate. Furthermore, there are no dynamical phases accompanying the non-Abelian Floquet geometric phases, as the former average to zero over an oscillation period. The general formalism is illustrated by analyzing a spin in an oscillating magnetic field with an arbitrary strength and a slowly changing direction.
I. INTRODUCTION
Topological and many-body properties of physical systems can be enriched by applying a periodic driving [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . This extends to a wide range of condensed matter [1, 3, 4, [12] [13] [14] [15] [16] [17] , photonic [18] [19] [20] [21] [22] and ultracold atom systems. For example, the periodic driving can induce a non-staggered synthetic magnetic flux [31, 34, 38, 39, 43, 51] or facilitates realization of the Haldane model [1, 41] for ultracold atoms in optical lattices. To deal with periodically driven systems, it is convenient to describe their long-term dynamics in terms of an effective time-independent Floquet Hamiltonian. In that case fast oscillations of the system within a driving period are represented by a micromotion operator. If the driving frequency exceeds other characteristic frequencies of the system, the Floquet Hamiltonian and the micromotion operator can be expanded in the inverse powers of the driving frequency [51, [56] [57] [58] [59] [60] [61] [62] [63] [64] .
It is quite common that the periodic driving changes in time. For example, in typical cold atom experiments one ramps up the periodic driving from zero to a stationary regime [65] . In the previous paper [66] we have considered such a situation where a quantum system is subjected to a periodic driving which changes slowly in time. A high frequency expansion of the effective Hamiltonian and micromotion operators have been obtained showing that these operators change in time due to slow changes in the periodic driving [66] . Furthermore the effective Hamiltonian contains extra terms due to the changes in the periodic driving. This can lead to formation of non-Abelian (non-commuting) geometric phases * viktor.novicenko@tfai.vu.lt; http://www.itpa.lt/~novicenko/ † gediminas.juzeliunas@tfai.vu.lt; http://www.itpa.lt/~gj/ of the Wilczek-Zee [67] type for the periodically driven systems due to the adiabatic elimination of other Floquet bands. For the high frequency driving considered in ref. [66] the geometric phases acquired during a cyclic evolution of the slow variable are small, and the slow variable should complete many cycles to accumulate considerable geometric phases.
Here we study a periodically driven system in which the driving frequency is arbitrary and can be both smaller or larger than other characteristic frequencies of the system. We show that the adiabatic evolution of the system within degenerate Floquet bands is accompanied by the non-Abelian Floquet geometric phases which can be significant even after a single cycle of the slow variable.
The paper is organized as follows. In the subsequent Sec. II we define the periodically driven system and review the basic elements of the Floquet formalism which extends the Hilbert space of the quantum system by treating the phase of the periodic driving as an extended space variable. In Sec. III we apply a unitary transformation to diagonalize the instantaneous extended space Hamiltonian. The resulting Schrödinger equation of motion contains the terms due to the slow changes of the periodic driving. This yields the non-Abelian Floquet geometric phases for the adiabatic motion of the system within individual Floquet bands, considered in Sec. IV. The individual Floquet bands are completely degenerate and are characterized by a zero energy (modulus the driving frequency), so there are no dynamical phases accompanying the non-Abelian geometric phases during the adiabatic evolution of the system. Section V illustrates the general formalism by analyzing a spin in an oscillating magnetic field of arbitrary strength and a slowly changing direction. The concluding Sec. VI summarizes the findings.
II. FORMULATION A. Periodically driven system
We consider time evolution of a state-vector |φ θ (t) governed by the Hamiltonian
representing a product of a slowly varying Hermitian operatorH (t) and a fast oscillating dimensionless function f (ωt + θ). The formerH (t) changes little during an oscillation period T = 2π/ω. The latter f (ωt + θ) is a 2π periodic real function f (ωt + θ + 2π) = f (ωt + θ) with a zero average (
can be expanded in a Fourier series as:
An example of such a system is a spin in a magnetic field with an oscillating magnitude and a slowly changing direction, to be considered in Sec. V. The angle θ in f (ωt + θ) defines the phase of the oscillations. We are looking for a whole family of solutions |φ θ (t) for all θ ∈ [0, 2π). The θ-dependence of the solutions is reflected by a subscript θ in the state-vector |φ θ (t) . The evolution of the state-vector |φ θ (t) is described by the time-dependent Schrödinger equation (TDSE):
At the initial time t = t 0 , the state vector |φ θ (t 0 ) is chosen to be 2π periodic with respect to the phase θ. Such a periodicity is preserved during the subsequent time evolution:
This allows one to treat the phase θ as a cyclic variable of an extended space. The θ-periodic state-vector can be expanded in a Fourier series with respect to the angle θ
where φ (n) (t) is an n-th harmonic of the state-vector |φ θ (t) .
It is noteworthy that the approach relying on the highfrequency expansion of an effective evolution operator [66] holds if the matrix elements of the slowly varying operatorH (t) / are much smaller than the the driving frequency ω
where |φ and |φ ′ are any physical states. In the current study we no longer impose the condition (6), so the matrix elements ofH (t) can be comparable with the driving energy ω or even exceed it. We only require that the operatorH (t) changes sufficiently slowly to avoid transitions between different Floquet bands. This leads to the adiabatic condition presented by Eq. (35) in Sec. IV.
B. Transition to the extended space
The extension of the Hilbert space for periodically driven systems was first considered in a classical paper by Sambe [68] , in which the additional space is provided by the temporal variable, and the periodic harmonics e inωt form basis states of the extra space. The Floquet eigenstates then represent solutions of a stationary Schrödinger equation involving a Hamiltonian acting in the expanded space. Such an approach can be generalized to incorporate slow temporal changes of the periodic driving [63, 66, [69] [70] [71] [72] [73] [74] [75] [76] [77] . In particular, a twotime (t, t ′ ) formalism [70, 71] can be used to deal with the problem, as discussed in more details at the end of the Section. Here we make use of another (yet equivalent) approach [66, 75] in which the phase θ entering the Hamiltonian H (ωt + θ, t) is treated as an extended space variable.
In the original picture, the Hamiltonian H (ωt + θ, t) acts on the state-vector |φ θ (t) which belongs to the physical Hilbert space H and parametrically depends on the phase θ. On the other hand, the factors e inθ entering the state-vector |φ θ (t) in Eq. (5) can be treated as an orthonormal set of basis vectors of an auxiliary Hilbert space T composed of the functions which are θ-periodic in the interval θ ∈ [0, 2π). The inner product between these basis vectors is given by (2π)
−imθ e inθ dθ = δ nm . The state-vector |φ θ (t) can thus be considered to be an element of the extended Hilbert space L = H ⊗T involving the angular variable θ. In that case |φ θ (t) is a state-vector of the extended space in the "coordinate" representation with respect to the angular variable θ. The inner (scalar) product between two extended-space state-vectors involves an additional integration over the phase θ:
where φ ′ θ (t) |φ θ (t) is an ordinary scalar product between the physical state-vectors |φ θ (t) and |φ ′ θ (t) which parametrically depend on the variable θ.
To eliminate the fast temporal oscillations of the Hamiltonian, it is convenient to apply a unitary transformation [66, 75] 
which shifts the angle θ by ωt, so that
obeys the TDSE
governed by the Hamiltonian (called the "Kamiltonian" [66, 75] )
where an additional term −i ω∂/∂θ = −i U † (t)U (t) appears due to the temporal dependence of the unitary transformation U (t). In this way, the transformation U (t) removes the periodic temporal dependence in the Kamiltonian K (t). The price to pay is that the Kamiltonian given by Eq. (11) acquires the extra term containing a derivative over the extended space variable θ.
Note that the equation of motion equivalent to Eq. (10) can be also obtained by using a two-time (t, t ′ ) formalism [17, 63, 69-71, 73, 74, 77] which should be called the (t, θ ′ ) formalism in the current notations. In such an approach, one treats θ ′ = ωt + θ and t entering the time-dependent Hamiltonian H (θ ′ , t) as two independent variables, and thus θ ′ is considered to be time-independent. A temporal dependence of the fast variable θ ′ is then represented by a derivative −i ω∂/∂θ ′ which is analogous to the derivative −i ω∂/∂θ entering Eq. (11) for K (t). At the final stage of calculations one recovers the actual state-vector by setting θ ′ = ωt + θ . In the current approach, the latter operation corresponds to coming back to the original state vector via the transformation inverse to Eq. (9):
III. TRANSFORMED REPRESENTATION
A. Diagonalization of the instantaneous Kamiltonian
Applying a unitary operator
the state-vector transforms to
where
is a primitive function of f (θ) with a zero average. The operator R diagonalizes the instantaneous Kamiltonian:
The transformed state-vector obeys the TDSE
governed by the transformed Kamiltonian
The emerging operator
is due to the temporal dependence of the operatorH (t) entering Eq. (13) for R (t). Here we write a partial derivative ∂R/∂t because R (t) depends also on c. As we shall see in Sec. IV, the operator W (t) provides non-Abelian geometric phases for adiabatic motion in the Floquet bands.
B. Evolution of the state-vector
A formal solution to TDSE (16) is given by
where time-ordering T is needed if the Kamiltonian K R (t) does not commute with itself at different times
Transforming back to the statevector |ψ θ (t) , one finds
where the initial state-vector
is assumed to be θ-independent without a loss of generality. In fact, as θ represents the phase of the Hamiltonian, one can choose any (2π periodic) θ-dependence of the initial state vector |φ θ (t 0 ) including the one given by Eq. (21).
C. Analysis of the operator W
Equation for W
Let us consider the operator W which enters the transformed Kamiltonian K R (t) in Eq. (17) . Differentiating W with respect to c and using Eqs. (18) and (13), one has
Since
which is supplemented with the initial condition
Here we write the full time derivativeḢ (t) rather than the partial derivative ∂H (t) /∂t because the operator H (t) does not depend on c. Equation (23) can be solved by using a spectral decomposition of the operatorH (t)
where |α, t and ǫ (α) (t) are eigen-states and the corresponding eigen-energies ofH (t). Since |α, t forms a complete set of physical state vectors belonging to the Hilbert space H , the operator W can also be expanded in this basis:
Consequently Eq. (23) provides the following equation for the components W αβ (c):
Explicit expression for W
Applying the initial condition (24) , the solution to Eq. (27) reads
where the terms with ǫ (β) = ǫ (α) are to be calculated by taking the limit
In this way, the operator W reads
3. Fourier expansion of the operator W
The exponential factor featured in Eq (29) can be expanded in terms of the Fourier modes e inθ , giving
where the Fourier components read
with
The component W (0) describes the adiabatic dynamics of the system within individual Floquet bands, while the terms W (n) (t) with n = 0 are responsible for the transitions between different Floquet bands.
Harmonic driving
We are particularly interested in the harmonic driving for which
In that case the function D n (a) featured in Eq. (31) reduces to the Bessel function
IV. ADIABATIC APPROACH
A. Adiabatic approximation
We assume thatH (t) changes sufficiently slowly in time, so the operator W (t) obeys the adiabatic condition preventing transitions between different Floquet bands:
for any θ ∈ [0, 2π). Since
Eqs. (29) and (35) yield a somewhat stronger adiabatic condition
implying that the changes in the matrix elements of the operatorH (t) over a period T = 2π/ω should be smaller than the driving energy ω. If the latter condition (37) holds, the original adiabatic condition (35) is also valid. The two conditions become equivalent for a high frequency driving when ǫ (α) (t) − ǫ (β) (t) ≪ ω. It is noteworthy that in the initial Kamiltonian (11) the second termH (t) f (θ) can not be generally treated as a small perturbation, since the condition (6) does not necessary hold. On the other hand, in the transformed Kamiltonian (17) the second term W (t) does represent a small perturbation because of the adiabatic condition (35) .
In the lowest order of approximation one completely disregards the term W (t) in the Kamiltonian K R (t). The resulting Kamiltonian −i ω∂/∂θ has the following eigenstates and the corresponding eigen-energies (quasienergies):
where the index n = 0 , ±1 , . . . specifies the Floquet bands, and |χ is any state-vector belonging to the Hilbert space H . The eigen-energies E n = n ω corresponding to the instantaneous eigenstates |χ θ,n (t) are fully degenerate within the n-th Floquet band (Fig. 1) , so the degeneracy extends to the whole physical Hilbert space H . In the adiabatic approximation one retains the diagonal (with respect to the Floquet bands) term W (0) in the expansion (30) of the operator W entering Eq. (17) . In fact, due to the condition (35) one can neglect the off-diagonal terms W (n) (t) with n = 0 inducing transitions between the individual Floquet bands. The resulting adiabatic evolution of the system is confined within individual Floquet bands and is governed by the Kamiltonian:
The term W (0) (t) in Eq. (39) provides the non-Abelian Floquet geometric phases for the adiabatic evolution of the system within highly degenerate Floquet bands. Since individual Floquet bands are completely degenerate and are characterized by a zero energy (modulus the driving frequency), the adiabatic dynamics is determined exclusively by the term W (0) (t) describing the non-Abelian geometric phases, there being no dynamical phases affecting the adiabatic evolution of the system.
B. Adiabatic evolution
If the system's evolution is governed by the adiabatic Hamiltonian (39), the operator i ω 
and
where the latter operator S (θ, t) appears by employing the explicit expression (13) for R. Returning back to the original representation of the state-vector |φ θ (t) = e ωt∂/∂θ |ψ θ (t) , Eq. (40) yields |φ θ (t) = e −iS(θ+ωt,t) U eff (t, t 0 ) e iS(θ+ωt0,t0) |in . (43) where we used the assumption that the initial state |in does not depend on the driving phase θ.
Here the unitary operator U eff (t, t 0 ) describes the long term θ-independent adiabatic evolution of the system within degenerate Floquet manifolds. Such an evolution is governed by the effective Hamiltonian W (0) (t) which emerges due to the slow temporal changes of the operator H (t) and provides the Floquet geometric phases. If the W (0) (t) does not commute with itself at different times
, one arrives at a non-Abelian situation, and the evolution operator U eff (t, t 0 ) requires the time-ordering. On the other hand, the Hermitian operators S (θ + ωt, t) and S (θ + ωt 0 , t 0 ) entering Eq. (43) describe the θ-dependent micromotion due to the switching on and off the periodic driving.
It is to be noteworthy that the operators S (θ + ωt, t) and S (θ + ωt 0 , t 0 ) are determined by the operatorH rather than by its derivativeḢ, so the micromotion does not vanish for the stationary driving whereḢ → 0 and H = 0. On the other hand, the operator W (0) describing the θ-independent long term dynamics emerges due to the changes of the operatorH and hence vanishes for the stationary driving. In this way for the stationary driving the dynamics of the system exhibits the non-vanishing micromotion, but there is no long term effective Hamiltonian W (0) providing the geometric phases. If the periodic driving is ramped up fromH (t) = 0 at the initial time t = t 0 to a finite value at the later times, then S (θ + ωt 0 , t 0 ) → 0 and no micromotion appears due to the switching on the driving. If additionally the driving is ramped down before the final time t, the operator S (θ + ωt, t) goes to zero as well. The dynamics of the state-vector is then described exclusively by the effective long term evolution operator U eff (t, t 0 ) describing the effects due to the Floquet geometric phases:
where the state vector |φ (t) does not depend on the driving phase θ, since U eff (t, t 0 ) is θ-independent.
C. Analysis of the effective Hamiltonian W (0) (t)
Weak driving
For a weak driving,
and Eq.(31) yields
Since the state-vectors |α, t and |β, t are the eigenvectors of the HaniltonianH (t) with eigen-energies ǫ (α) (t) and ǫ (β) (t), Eq. (46) simplifies to using the completeness of these basis-vectors
If the driving is harmonic, F (θ) = sin θ, one has p = 1/2.
In that case the result (48) coincides Eq. (38) of ref. [66] obtained using a high frequency expansion of the effective Hamiltonian corresponding to a weak driving.
Equally separated eigenstates ofH (t)
Consider next a situation whereḢ (t) has non-zero matrix elements β, t|Ḣ (t) |α, t between the states with the same energy separation
or between the states containing the same energies:
In particular, this applies to a situation considered in the next Section V where a spin is in an oscillating magnetic field with a slowly changing orientation. Assuming the harmonic driving [Eq. (33)], we replace D n (a) by the Bessel function J n (a) in Eq. (31). Substituting Eq. (49) into (31) and using J 0 (−a) = J 0 (a), one finds
giving
For a ≪1 one has [J 0 (a) − 1] /a 2 ≈ −1/4, and Eq. (51) is consistent with Eq.(48) applicable for the weak driving.
V. SPIN IN AN OSCILLATING MAGNETIC FIELD A. Hamiltonian of the harmonically driven spin
The results of the previous Subsection IV C 2 can be applied to a spin in a fast oscillating harmonic magnetic field B (t) cos (ωt + θ), where the direction or magnitude of the amplitude B (t) changes slowly during the driving period T = 2π/ω. The Hamiltonian of such a system has the form of Eq. (1) with
with θ ′ = ωt + θ, where g F is a gyromagnetic factor, F = F 1 e x + F 2 e y + F 3 e z is a spin operator with the Cartesian components satisfying the usual commutation relations [F l , F m ] = i ǫ lmn F n . Here also ǫ lmn is a LeviCivita symbol, and a summation over a repeated Cartesian index n = x, y, z is implied.
The instantaneous eigenstates of the Hamiltonian (52) are |α, t ≡ |α, B (t) , where α labels the spin projections m F with respect to the direction of the magnetic field amplitude B = B (t). The corresponding eigen-energies are
where f F specifies the magnitude of the spin. Let us next consider the effective Hamiltonian W (0) (t) describing the adiabatic evolution of the spin within individual Floquet bands. Since the operatoṙ H (t) = g F F ·Ḃ (t) has the matrix elements between the states |α, t and |α ′ , t with |α − α ′ | = 0, ±1, one can apply Eq. (51) for
one finds
with B = |B|. Equation (56) generalises to an arbitrary driving strength g F B/ω the previous result [66] applicable for g F B/ω ≪ 1. Introducing a unit vector along the magnetic field b = B/B, one can write b ×ḃ = Ωn, where a unit vector n defines an (instantaneous) axis perpendicular to the rotating magnetic field, Ω being an (instantaneous) frequency of such a rotation. Equation (56) can then be represented as
B. Adiabatic evolution
If magnetic field rotates with a constant frequency Ω in a fixed plane perpendicular to n, the effective Hamiltonian given by Eqs. (56) or (57) describes the spin rotation around the fixed axis n with the frequency Ω spin = Ω [1 − J 0 (a)] with a = g F B/ω. For a ≪ 1, the spin rotation frequency Ω spin ≈ Ωa/4 is much smaller than the rotation frequency of the magnetic field. By increasing a the frequency Ω spin increases. In particular, for a ≈ 2.4 the Bessel function J 0 (a) reaches zero, and the spin rotates with the same frequency as the magnetic field: Ω spin = Ω. By further increasing a one arrives at a regime where J 0 (a) < 0, so the frequency Ω spin exceeds Ω. The maximum frequency of the spin rotation Ω spin = 1.36Ω is achieved for a ≈ 3.83 where the Bessel function J 0 (a) is minimum.
If the direction n of the rotation axis is changing, the Hamiltonian W (0) (t) does not commute with itself at different times, so the time ordering is needed in the effective evolution operator (41) . The effective evolution of the spin is then associated with non-Abelian (noncommuting) geometric phases. Note that without the periodic driving the spin adiabatically follows the slowly changing magnetic field, and the adiabatic elimination of other spin states provides the Berry phase [78] which is Abelian. Therefore the periodic driving enriches the system, and the non-Abelian geometric phases appear by adiabatically eliminating other Floquet bands rather than by eliminating other states of the physical Hilbert space H [67, 79, 80] , as it is the case for non-driven systems.
The effective Hamiltonian (56) can be represented in terms of the non-Abelian vector potential A:
The evolution of the operator (41) then takes the form:
where T indicates the path-ordering in the integration over the magnetic field from the initial value B 0 to its final value B.
In particular, performing a cyclic anti-clockwise rotation of the magnetic field B in a plane orthogonal to a unit vector n without changing the modulus B, the evolution operator (60) reduces to
(61) The operator γF · n/ provides a geometric phase γm F for a spin with a projection m F along the rotation axis n. For a weak driving (g F B ≪ ω) the geometric phase γm F is much smaller than the unity, so the magnetic field B has to complete many rotation cycles to accumulate a considerable geometric phase [66] . On the other hand, if g F B is comparable with ω, a sizable geometric phase is acquired during a single cycle. Therefore two consecutive rotations along non-parallel axes n and n ′ do not commute U 
C. Adiabatic condition and micromotion
The previous analysis of this problem [66] relied on the high frequency expansion of the effective Hamiltonian and the micromotion operators, which is valid if the condition (6) holds. This implies that g F |B (t)| ≪ ω for the spin in the oscillating magnetic field. The current analysis does not make use of this assumption, we only require that the amplitude of the magnetic field B (t) changes sufficiently slowly so that the adiabatic conditions (35) or (37) hold. In the present situation the latter condition (37) takes the form
where Ω is the frequency of the rotation of the magnetic field. The micromotion is described by the Hermitian operator S (ωt + θ, t) entering the full evolution operator in Eq. (43) . For the present system of the spin in the magnetic field one has
This is in a full agreement with the micro-motion operator S Micro(1) (ωt + θ, t) presented in Eq.(39) of the previous work [66] relying on the high frequency perturbative approach valid for g F B (t) ≪ ω. In the present study there is no such a restriction on the amplitude of the magnetic field. Therefore the micromotion described by the operator (63) can be arbitrarily large as long as the amplitude of the magnetic field B (t) changes sufficiently slowly to comply with the condition (62).
D. Specific protocol for detecting non-Abelian geometric phases
The non-Abelian geometric phases can be measured using, for example, the following sequence for the oscillating magnetic field. At the initial time t = t 0 the amplitude of the magnetic field is zero (B (t 0 ) → 0) and is ramped up smoothly afterwards. Specifically, for t 0 < t < t 1 the amplitude of magnetic field increases from zero to a steady state value B (t) = B 0 e z without changing its direction. Therefore the effective Hamiltonian H eff is zero at this stage, giving U eff (t 1 , t 0 ) = 1, and there is no micromition due to the ramping up the magnetic field: S (θ + ωt 0 , t 0 ) = 0. During the subsequent evolution at t 1 < t < t 2 the magnetic field changes the direction while keeping constant the modulus B 0 . For example, the magnetic field can undergo two cycles of rotation around the y and x axes described by non-commuting unitary operators U At the initial time t = t0 the spin is along the z axis (mF = 1). Blue circles, red diamonds and green squares correspond to |c1| 2 , |c0| 2 and |c−1| 2 , respectively. The effective evolution described by the operator U eff (t2, t1) = U (ey) eff provides the following probabilities c {1,0,−1} 2 = cos 4 (γ/2) , sin 2 (γ) /2 , sin 4 (γ/2) , with γ being defined in Eq. (61) . The angular frequency of the magnetic field Ω is chosen such that the ratio ρ = ΩgF B0/ω 2 is not changing in the same plot and equals to ρ = 0.1, ρ = 0.3 and ρ = 1 for (a), (b) and (c) panels, respectively. The analytical and the numerical results agree better for smaller values of ρ, which goes along with the condition (62). t 2 < t < t 3 the magnetic field is ramped down to zero without changing its direction, giving U eff (t 3 , t 2 ) = 1 and S (θ + ωt 3 , t 3 ) = 0. In this way, the full evolution of the state-vector from t = t 0 to t = t 3 is described exclusively by the θ-independent effective evolution operator U eff (t 2 , t 1 ) which does not depend on the details of the ramping up and down of the magnetic field. Figure 2 we have checked a validity of the description of the system dynamics in terms of the effective evolution operator by plotting the exact and the effective evolution of the spin 1 (f F = 1) from t = t 0 to t = t 3 for different rotation rates. We have considered the case where the magnetic field completes a single cycle of rotation around the y axis during the second stage t 1 < t < t 2 , so that
eff . The angular frequency of the magnetic field Ω is chosen such that the ratio ρ = Ωg F B 0 /ω 2 is not changing in the same plot. One can see that the exact and analytical results agree well if the rotation is sufficiently slow, ρ ≪ 1, and thus the adiabatic condition (62) holds. Note that for stronger magnetic field g F B 0 > ω the effective evolution is in agreement with the effective one even for ρ ∼ 1 beyond the range of validity of the condition (62) . This is because Eq. (62) was obtained using a stronger condition (37) . The latter is equivalent to the original adiabatic condition (35) if the magnetic field is weak compared to the driving frequency g F B 0 ≪ ω.
VI. CONCLUDING REMARKS
We have considered the evolution of a periodically driven quantum system governed by a Hamiltonian H (ωt + θ, t) which is a product of a slowly varying Hermitian operatorH (t) and a fast oscillating periodic function f (ωt + θ) with a zero average. The analysis does not rely on the high frequency approximation [66] , so the driving frequency ω can be both larger or smaller than other characteristic frequencies of the system. We have shown that the adiabatic evolution of the system within degenerate Floquet bands is accompanied by the non-Abelian (non-commuting) Floquet geometric phases which can have significant values even after completing a single cycle of the slow variable. On the other hand, for the high frequency driving [66] the geometric phases acquired during a cyclic evolution of the slow variable are small, and the slow variable should complete many cycles to accumulate considerable geometric phases.
Without the periodic driving f (ωt + θ) the spin adiabatically follows the slowly changing magnetic field, and the adiabatic elimination of other spin states provides the Berry phase [78] which is Abelian. The periodic driving enriches the system, and the non-Abelian geometric phases appear by adiabatically eliminating other Floquet bands rather than by eliminating other states of the physical Hilbert space H [67, 79, 80] , as it is the case for non-driven systems. In the latter systems non-Abelian geometric phases can be formed if there is a manifold of degenerate physical states well separated from other states, such as a pair of degenerate dark states in the tripod atom-light coupling scheme [81] [82] [83] or a pair of degenerate spin-up and spin-down states in the nuclear quadrupole resonance [80] and for diatomic molecules [79, 84] . By contrast, in the present periodically driven system the Floquet eigen-energies are fully degenerate within individual Floquet bands even if the eigen-energies of the slowly varying part of the original Hamiltoniañ H (t) are not degenerate. Therefore the non-Abelian geometric phases emerge in a very straightforward way, and no degeneracy of the physical states is needed. Furthermore, the individual Floquet bands are characterized by a zero energy (modulus the driving frequency), so there are no dynamical phases accompanying the non-Abelian geometric phases during the adiabatic evolution of the system within individual Floquet bands [85] . This is because the dynamical phases average to zero over an oscillation period.
The adiabatic evolution of periodically driven systems is generally accompanied by micro-motion. Yet the effects of the micro-motion can be avoided if the periodic driving is ramped up slowly at the initial stage and subsequently the ramped down slowly at the final stage. The dynamics of the state-vector given by Eq. (44) is then represented exclusively by the effective long term evolution operator U eff (t, t 0 ) describing the effects due to the non-Abelian Floquet geometric phases.
